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1 Introduction

1.1 The T gate

Throughout the paper T will denote the gate that swaps two qubits:

T :=


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 . (1)

The eigenvalues of T are ±1. The (+1)-eigenspace of T is spanned by1
1
0
0
0

 ,


0
1
1
0

 ,


0
0
0
1

 . (2)

The (−1)-eigenspace of T is spanned by the singlet state

|s〉 :=
1√
2


0
1
−1
0

 . (3)

Sometimes it will be more convenient to work in a basis where T is diagonal.
We will use the following diagonal form:

T̃ :=


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 . (4)

Then the corresponding singlet state is

|s̃〉 :=


1
0
0
0

 . (5)

1.2 Definition of universality

Definition. The set generated by U ∈ U(4) consists of all finite products of U
and TUT .

Definition. The set generated by Hamiltonian H consists of all finite products
of U(t) := e−iHt and TU(t)T , where any t ≥ 0 can be used for each U(t).2

1Here we could use the Bell basis as well.
2We might sometimes drop the minus sign and define U(t) as eiHt instead.
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Claim. For each t < 0 there exists t′ > 0, such that U(t) = U(t′). Therefore
we can drop the restriction t ≥ 0 in the previous definition.

Lemma 1. The set generated by Hamiltonian H is a group.

Proof. We can generated the identity, since U(0) = I. We can also get the
inverse of any element, since U(t)−1 = U(−t).

Lemma 2. The group generated by U is closed under conjugation by T .

Proof. Let U0 = U and U1 = TUT . If we can generate a matrix V , then
V =

∏n
i=1 Uxi for some x ∈ {0, 1}n. Then TV T =

∏n
i=1 TUxiT =

∏n
i=1 Ux̄i

corresponds to x̄ – the bitwise negation of x.

Hence we are interested only in the subgroups of U(4) that are closed under
conjugation by T . Note that the Lie algebra of such subgroup is also closed
under conjugation by T .

Definition. We say that U ∈ U(4) is universal, if it generates a set that is
dense in U(4). In other words, U and TUT can be used to approximate any
unitary V ∈ U(4) to any desired accuracy. The universality of Hamiltonian H,
is defined similarly.

2 T -similarity

2.1 Basic properties of the T gate

Let H be a Hamiltonian.

Lemma 3. The following statements are equivalent:

(1) H commutes with T ,

(2) there is an orthonormal basis, such that both H and T are diagonal,

(3) |s〉 is an eigenvector of H,

(4) H is of the form
x1 x7 + ix8 x7 + ix8 x5 + ix6

x7 − ix8 x2 x4 x9 + ix10

x7 − ix8 x4 x2 x9 + ix10

x5 − ix6 x9 − ix10 x9 − ix10 x3

 (6)

for some x1, . . . , x10 ∈ R.

Lemma 4. The following statements are equivalent:

(1) U and T have a common non-trivial invariant subspace,
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(2) U and T have a common eigenvector,

(3) U has an eigenvector orthogonal to |s〉.

Lemma 5. E ⊆ Cn is an invariant subspace of M ∈ Cn×n if and only if
E = span {|v1〉 , . . . , |vk〉}, where |v1〉 , . . . , |vk〉 ∈ Cn are eigenvectors of M and
k = dimE.

2.2 T -similarity and the pattern

Observe that all unitary matrices that commute with T form a group. Let us
denote this group by C:

C := {U ∈ U(4)|UT = TU} . (7)

Definition. Matrices A and B are called T -similar, if there is P ∈ C, such that
B = PAP †. We will also say that two sets of matrices are T -similar if one set
can be obtained from other by conjugating all elements with some fixed P ∈ C.

Observe that T -similarity is an equivalence relation and it partitions the set
U(4) into equivalence classes.

The notion of T -similarity is central to our problem, since T -similar matrices
generate the same subgroup, up to a change of basis.

Claim. If U and V are T -similar, then they generate T -similar subgroups.

Definition. Assume M ∈ U(4) has non-degenerate eigenvalues λi with corre-
sponding eigenvectors |ψi〉. We call si = |〈s|ψi〉|2 the overlap of |ψi〉 with |s〉.
We define the pattern of M to be{

λ1 λ2 λ3 λ4

s1 s2 s3 s4

}
. (8)

We will use patterns only of the matrices that do not have degenerate eigen-
values. In such case the pattern is well defined (up to permutations of columns).
Note that s1 + s2 + s3 + s4 = 1.

Theorem 1. Assume U and V does not have degenerate eigenvalues. Then U
and V are T -similar if and only if they have the same patterns. [old version]

(T1) U and V have the same eigenvalues,

(T2) the eigenvectors of U and V corresponding to the same eigenvalue have
equal absolute values of the inner product with |s〉.

Proof. It is clear that conditions (T1) and (T2) are necessary. We will show
that they are also sufficient.

Assume (T1) and (T2) hold. There exists P ∈ U(4) such that PUP † = V ,
since U and V have the same eigenvalues. Let eiϕi be the eigenvalues of U and V
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and |ui〉 and |vi〉 be the corresponding eigenvectors. Let ri := |〈s|ui〉| = |〈s|vi〉|.
We can express the singlet state |s〉 in the eigenbasis of U :

|s〉 =
∑
i

rie
iαi |ui〉 . (9)

Since P |ui〉 is an eigenvector of V , we have |〈s|P |ui〉| = ri and

〈s|P |ui〉 = rie
iβi (10)

for some phase βi. Define

P ′ := P
∑
i

e−i(αi+βi) |ui〉 〈ui| . (11)

We claim that (a) P ′UP ′† = V , (b) |〈s|P ′ |s〉| = 1.

(a) We have:

P ′UP ′
† =

(
P
∑
i

e−i(αi+βi) |ui〉 〈ui|

)∑
j

eiϕj |uj〉 〈uj |

 (12)

(∑
k

ei(αk+βk) |uk〉 〈uk|P †
)

(13)

=P

∑
i,j,k

e−i(αi+βi)+iϕj+i(αk+βk) |ui〉 〈ui|uj〉 〈uj |uk〉︸ ︷︷ ︸
δi,j,k

〈uk|

P †

(14)

=P

(∑
i

eiϕi |ui〉 〈ui|

)
P † = PUP † = V. (15)

(b) We have:

〈s|P ′ |s〉 =
∑
i

eiαiri 〈s|P ′ |ui〉 (16)

=
∑
i

eiαiri 〈s|P
∑
j

e−i(αj+βj) |uj〉 〈uj |ui〉 (17)

=
∑
i

eiαiri 〈s|Pe−i(αi+βi) |ui〉 =
∑
i

e−iβiri 〈s|P |ui〉 . (18)

By applying (10) we get

〈s|P ′ |s〉 =
∑
i

r2
i = 1. (19)
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Part (a) tells us that U and V are similar via P ′. From (b) it follows that
|s〉 is an eigenvector of P ′. Thus according to Lemma 3, P ′ commutes with T .
Hence, U and V are T -similar.

Theorem 2. U is T -similar to a tensor product if and only if its pattern is:{
λ11 λ12 λ21 λ22

s t t s

}
, where λ11λ22 = λ12λ21. (20)

Proof. Let us first prove that the above condition is necessary for U to be
T -similar to a tensor product. We know that U is T -similar to some U ′ = V ⊗W .
It is sufficient to prove that U ′ has the required pattern, since according to
Theorem 1 the patterns for U and U ′ are the same.

First, let us diagonalize V and W :

V = α1 |v1〉 〈v1|+ α2 |v2〉 〈v2| , W = β1 |w1〉 〈w1|+ β2 |w2〉 〈w2| . (21)

Let the first eigenvectors of V and W be

|v1〉 =
(
a
b

)
, |w1〉 =

(
c
d

)
. (22)

Since we can disregard the global phase, we may assume that

|v2〉 =
(
−b∗
a∗

)
, |w2〉 =

(
−d∗
c∗

)
. (23)

Then
|v1〉 ⊗ |w1〉 , |v1〉 ⊗ |w2〉 , |v2〉 ⊗ |w1〉 , |v2〉 ⊗ |w2〉 . (24)

are the eigenvectors of U . If we calculate the overlaps with |s〉 we get:

|〈s|v1, w1〉|2 = 1
2 |ad− bc|

2 =: s, (25)

|〈s|v1, w2〉|2 = 1
2 |ac

∗ + bd∗|2 =: t, (26)

|〈s|v2, w1〉|2 = 1
2 |−a

∗c− b∗d|2 = 1
2 |ac

∗ + bd∗|2 = t, (27)

|〈s|v2, w2〉|2 = 1
2 |a
∗d∗ − b∗c∗|2 = 1

2 |ad− bc|
2 = s. (28)

The eigenvalues corresponding to vectors in (24) are

λ11 = α1β1, λ12 = α1β2, λ21 = α2β1, λ22 = α2β2 (29)

and they satisfy λ11λ22 = λ12λ21.
Now let us prove that this condition is also sufficient, i.e., for any U with the

pattern of the form (20) we can find a tensor product U ′ ∈ SU(4) such that U
and U ′ are T -similar. It suffices to show that we can construct a tensor product
U ′ ∈ SU(4) with any given pattern of the form (20).
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First we choose the eigenvalues as follows: α1 = 1, β1 = λ11, β2 = λ12, and
α2 = λ21/λ11. Then we have to choose the corresponding eigenvectors so that
they have the required overlaps. It suffices to make the right choice just for |v1〉
and |w1〉. In fact, it is always possible to choose |v1〉 , |w1〉 ∈ R2. If the angle
between real unit vectors

(
a
b

)
and

(
c
d

)
is θ, then ad− bc = sin θ (pseudo-scalar

product) and ac + bd = cos θ (scalar product). Thus (25) and (26) become
1
2 sin2 θ = s and 1

2 cos2 θ = t respectively (recall that 2s+ 2t = 1). Thus we can
take any two real unit vectors having angle

θ = arcsin
√

2s. (30)

Theorem 3. Let U ∈ U(4). The following are equivalent:

(1) U is T -similar to a tensor product,

(2) U has pattern given in equation (20),

(3) U is T -similar to eiϕO for some ϕ ∈ R and O ∈ SO(4).

Proof. From Theorem 2 we know that (1) and (2) are equivalent. It remains
to show that (2) and (3) are equivalent. One can check that eiϕO has pattern [to do. . . ]
of the form (20). This is the case, since it has paired eigenvalues and the right
overlaps. Then one must show that for each pattern (20) one can construct a
corresponding matrix eiϕO.

Theorem 4. If U is universal, then so is eiϕU for any ϕ ∈ R.

Proof. Ask Debbie :) [to do. . . ]

Theorem 5 (Construction 1). There is a 7-parameter set of real symmetric
matrices such that each Hamiltonian is T -similar to some matrix from this set.

Proof. It is sufficient to construct a 7-parameter set that contains matrices with
all possible patterns. Let us work in the basis where T is diagonal – see equation
(4). Then the singlet state is |s̃〉 = (1, 0, 0, 0)T according to equation (5). Let
the eigenvalues of our Hamiltonian be ϕ1, ϕ2, ϕ3, ϕ4 ∈ R and the corresponding
eigenvectors be

cosα
sinα

0
0




sinα cosβ
− cosα cosβ

sinβ
0




sinα sinβ cos γ
− cosα sinβ cos γ

− cosβ cos γ
sin γ




sinα sinβ sin γ
− cosα sinβ sin γ

− cosβ sin γ
− cos γ

 (31)

where all angles are in [0, π2 ]. These vectors clearly form an orthonormal basis.
They have the following inner products with |s̃〉:

cosα
sinα cosβ
sinα sinβ cos γ
sinα sinβ sin γ

 . (32)
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One can think of it as a unit vector in R4
+ – the non-negative orthant of R4.

In fact, any unit vector in R4
+ can be obtained in this way by choosing ap-

propriate angles. Hence by squaring all components of (32) we can obtain any
probability distribution over 4 elements and thus any overlaps. Hence, by an
appropriate choice of eigenvalues {ϕ1, ϕ2, ϕ3, ϕ4} and angles {α, β, γ} we can
get any pattern.

2.3 Tridiagonal form

Theorem 6 (Construction 2). Any Hamiltonian H is T -similar to a real sym-
metric tridiagonal matrix 

a b 0 0
b c d 0
0 d e f
0 0 f g

 , (33)

where a, b, c, d, e, f, g ∈ R and b, d, f ≥ 0.

Proof. Let us again work in the basis where T is diagonal (denoted by T̃ ). Then [This is
probably
called
Jacobi or
Householder
method.]

all matrices that commute with T̃ are block matrices of the form U(1)⊕ U(3).
We will use only the matrices that look as follows:(

1 0
0 U(3)

)
. (34)

Let the first column of H be (h1, h2, h3, h4)T , where
∥∥(h2, h3, h4)T

∥∥ = b. Then
we can find P1 in the form (34), such that the first column of H1 := P1HP

†
1 is

(h1, b, 0, 0)T , where b ≥ 0. Next, we consider the matrices of the form1 0 0
0 1 0
0 0 U(2)

 . (35)

Again, let the second column of H1 be (h1, h2, h3, h4)T , where
∥∥(h3, h4)T

∥∥ = d.
Then there is P2 in the form (35), such that the second column of H2 := P2H1P

†
2

is (h1, h2, d, 0)T , where d ≥ 0. Note that the first column of H2 remains the
same as for H1. Finally, we can find P3 of the form

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 U(1)

 , (36)

such that the last entry f of the third column of H3 := P3H2P
†
3 is real and

non-negative. Since H3 is Hermitian, its diagonal entries are real. Hence it is
of the form (33).

Theorem 7. Hamiltonian in the tridiagonal form (33) has an eigenvector or-
thogonal to the singlet |s̃〉 if and only if b = 0 or d = 0 or f = 0.
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Proof. If b = 0 or d = 0 or f = 0, then the Hamiltonian has an invariant
subspace orthogonal to the singlet |s̃〉. It has dimension 3 or 2 or 1, respectively.

These conditions are also necessary. If |v〉 is an eigenvector of Hamiltonian
H orthogonal to singlet |s̃〉, then |v〉 = (0, v2, v3, v4)T . Let |w〉 := H |v〉, then
|w〉 = (0, w2, w3, w4)T . Thus either b = 0 (one of our conditions) or v2 = 0. If
b 6= 0, then v2 = 0 and we consider w2. Since it must be zero, either d = 0 or
v3 = 0. If d 6= 0, we repeat the same argument and show that f = 0.

Theorem 8. Hamiltonian in the tridiagonal form (33) corresponds to a unitary
that is T -similar to a tensor product if and only if a = c = e = g.

Proof. Let us first show that these conditions are sufficient. If they hold, the
Hamiltonian has the following eigenvalues and overlaps:

λ = a±1

√
b2 + d2 + f2 ±2 z

2
, s =

z ±2 (b2 − d2 − f2)
4z

. (37)

Here subscripts indicate the correspondence between the signs and

z =
√
b4 + d4 + f4 + 2(b2d2 + d2f2 − b2f2). (38)

Eigenvalues with opposite first sign sum to 2a and the corresponding overlaps
are equal. Therefore the unitary operation associated with this Hamiltonian will
satisfy the conditions of Theorem 2 and hence is T -similar to a tensor product.

Let us show that these conditions are also necessary. It is enough to consider
unitaries that are tensor products. Note that we need 4 real parameters to
specify any 2 × 2 Hermitian matrix, since it can be written as a real linear
combination of

I =
(

1 0
0 1

)
, σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
, (39)

where σi are Pauli matrices. Note also that a 2-qubit unitary that is a tensor
product has a Hamiltonian of the following form:

H = H1 ⊗ I + I ⊗H2, (40)

where H1 and H2 are 1-qubit Hamiltonians. We need 8 real parameters to
specify a matrix of the form (40). However, we can use symmetry to reduce it
to 4 real parameters.

First, observe that there is no need to specify the global phase for both
qubits, since if unitary is a tensor product, the global phases of both qubits
factor out. Hence we specify the global phase just for the first qubit. We can
write any 1-qubit Hamiltonian in the following form:

ϕ

2
I +

θ

2
(xσx + yσy + zσz), (41)

where σi are Pauli matrices, (x, y, z) is a unit vector in R3, and ϕ, θ ∈ R. It
corresponds to a rotation about axis (x, y, z) by angle θ and global phase ϕ. [How is the

global phase
defined?]10



We can change the basis of both qubits with the same local unitary, so that the
second qubit is rotated around z axis. Thus we need just one parameter for the
second qubit – the angle of rotation. However, there is still some freedom left
– we can change the basis for both qubits by conjugating with a unitary that
rotates around z axis. This does not affect the second qubit, but we can change
the axis of rotation for the first qubit so that it has no y component. Thus we
have reduced our Hamiltonian (40) to one with just 4 parameters:

H = (α1I + x1σx + z1σz)⊗ I + I ⊗ (z2σz) (42)

Recall that the (−1)-eigenspace of T is spaned by the singlet state |s〉 defined
in equation (3) and the (+1)-eigenspace of T is spaned by three vectors defined
in (2). However, since the (+1)-eigenspace is 3-dimensional, there are many
ways how T can be diagonalized to obtain T̃ . We can choose a different basis
for the (+1)-eigenspace and diagonalize T by conjugating with the following
matrix:

P :=
1√
2


0 0 1 1
1 1 0 0
−1 1 0 0
0 0 1 −1

 . (43)

If we conjugate our Hamiltonian (42) with P †, we get:

H ′ = P †HP = α1(I ⊗ I) + x1(σy ⊗ σy) + z1(I ⊗ σx)− z2(σz ⊗ σx). (44)

In matrix form H ′ looks as follows:

H ′ =


α1 z1 − z2 0 −x1

z1 − z2 α1 x1 0
0 x1 α1 z1 + z2

−x1 0 z1 + z2 α1

 . (45)

Observe that H ′ is almost tridiagonal, therefore it is sufficient to do just one
more conjugation. As in the proof of Theorem 6, we can find Q that commutes
with T̃ , such that Q†H ′Q is tridiagonal. We choose Q as follows:

Q :=


1 0 0 0
0 z1−z2

l 0 x1
l

0 0 1 0
0 −x1

l 0 z1−z2
l

 , (46)

where l =
√
x2

1 + (z1 − z2)2. Then we have

H ′′ = Q†H ′Q =


α1 l 0 0
l α1

−2x1z2
l 0

0 −2x1z2
l α1

x2
1+z21−z

2
2

l

0 0 x2
1+z21−z

2
2

l α1

 . (47)
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Depending on the values of x1, z1, and z2 we may have to multiply the third or
the fourth row and column of H ′′ by −1 to get the entries above and below the
main diagonal non-negative. In any case, the diagonal entries does not change.
Hence any Hamiltonian of the form (40) is T -similar to one whose diagonal
entries are all equal (in our case they are equal to α1).

3 Universality conditions

3.1 Sufficient conditions for non-universality

Theorem 9. A Hamiltonian H is not universal if any of the following holds:

(N1) TrH = 0 (dim ≤ 15),

(N2) H and T have a common eigenvector (dim ≤ 10),

(N3) H is T -similar to H ′ = H1⊗ I + I ⊗H2 (H ′ acts on both qubits indepen-
dently) for some 1-qubit Hamiltonians H1 and H2 (dim ≤ 7).

Proof. According to Theorem 6 it is enough to consider only Hamiltonians in
the tridiagonal form (33). For such Hamiltonians these conditions read:

(N1) a+ c+ e+ g = 0,

(N2) b = 0 or d = 0 or f = 0,

(N3) a = c = e = g.

If condition (N1) holds, we cannot generate the whole U(4). If we do not care
about the global phase then we can ignore this condition. Conditions (N2) and
(N3) for tridiagonal Hamiltonians come from Theorems 7 and 8 respectively.

Explain in
more detail.

It is clear that these conditions are sufficient for non-universality.

3.2 The “not so ugly” commutator scheme

Theorem 10. H is universal if it does not satisfy any of conditions (N1-N3).

Proof. We will show that the Lie algebra generated by H and THT is the full
Lie algebra of U(4). To show this, it is enough to choose a specific basis of
16 linearly independent (over R) Hermitian matrices and express each of these
matrices in terms of linear combinations and commutators i[·, ·] of H and THT .

Let Ek,l denote a matrix whose only non-zero entry is 1 at position (k, l).
Let us define a basis of all traceless Hermitian matrices as follows:

Xk,l = Ek,l + El,k, (1 ≤ k < l ≤ 4) (48)
Yk,l = −iEk,l + iEl,k, (1 ≤ k < l ≤ 4) (49)
Zk = Ek,k − Ek+1,k+1. (1 ≤ k ≤ 3) (50)
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These 15 matrices together with any Hermitian matrix that has non-zero trace
span the space of all 4× 4 Hermitian matrices.

Since the Hamiltonian H does not satisfy condition (N2) we can take linear
combinations with coefficients 1/b, 1/d, and 1/f . Let

A =
1
2b
i[H,THT ]. (51)

The first three basis elements can be obtained as follows:

X1,2 =
1
2b

(H − THT ), (52)

Y1,3 =
1
3d

(i[i[X1,2, A], X1,2]− 4A), (53)

X2,3 = i[X1,2, Y1,3]. (54)

Next, define

B =
1
2

(H + THT ). (55)

To obtain Y1,2, we have to consider three cases:

Y1,2 =


1

a− c
(dY1,3 +A) if a 6= c,

1
c− e

i[Y1,3, i[B,X2,3]] if c 6= e,

1
a− g

1
f2
i[i[X2,3, B], i[B, i[Y1,3, B]]] otherwise (a = c = e 6= g).

(56)
Since H does not satisfy (N3), at least one of these cases is guaranteed to hold.
Next two basis elements we obtain as follows:

X1,3 = i[Y1,2, X2,3], (57)

X1,4 =
1
f

((c− e)X1,3 + i[A,X2,3] + i[Y1,3, B]). (58)

The remaining basis elements can be obtained just by taking commutators of
the elements we already have:

X2,4 = i[X1,4, Y1,2], (59)
X3,4 = i[X1,4, Y1,3], (60)
Y1,4 = i[X2,4, X1,2], (61)
Y2,3 = i[X1,3, X1,2], (62)
Y2,4 = i[X1,4, X1,2], (63)
Y3,4 = i[X1,4, X1,3]. (64)
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Finally, we add three diagonal matrices with zero trace:

Z1 =
1
2
i[Y1,2, X1,2], (65)

Z2 =
1
2
i[Y2,3, X2,3], (66)

Z3 =
1
2
i[Y3,4, X3,4]. (67)

At this point we can generate the Lie algebra of SU(4). If (N3) does not hold
(TrH 6= 0), we can generate the Lie algebra of the whole U(4) by adding

Z4 = H − bX1,2 − dX2,3 − fX3,4. (68)

4 Universality for 3 qubits

4.1 Universality conditions

Theorem 11. The following 2-qubit Hamiltonians are not universal for 3
qubits:

(N1) Hamiltonian with zero trace (dim ≤ 63),

(N2) Hamiltonian with an eigenvector of the form |a〉 ⊗ |a〉 (dim ≤ 49),

(N3) Hamiltonian that acts on both qubits independently (H1 ⊗ I + I ⊗ H2)
(dim ≤ 10),

(N4) Hamiltonian corresponding to an orthogonal matrix (anti-symmetric ma-
trix times i) conjugated by U ⊗U for some U ∈ U(2) and multiplied by a
global phase eiϕ (dim ≤ 28),

(N5) Hamiltonian (conjugated by U ⊗ U) has central symmetry (dim ≤ 31).

We conjecture that this list is not complete.

4.1.1 Central symmetry
[NEW]

Consider a 2-qubit Hamiltonian H with the following eigenvectors:
α
β
β
α

 ,


β∗

−α∗
−α∗
β∗

 ,


γ
δ
−δ
−γ

 ,


δ∗

−γ∗
γ∗

−δ∗

 , (69)

where α, β, γ, δ ∈ C and |α|2 + |β|2 = |γ|2 + |δ|2 = 1/2. Consider the basis

|000〉+ |111〉, |100〉+ |011〉, |010〉+ |101〉, |001〉+ |110〉,
|000〉 − |111〉, |100〉 − |011〉, |010〉 − |101〉, |001〉 − |110〉. (70)
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Claim. H ⊗ I has block structure
(
H1 0
0 H2

)
in basis (70), where H1 and H2 are

traceless 2-qubit Hamiltonians.

Proof. Let H =
∑4
i=1 λiΠi be the spectral decomposition of H, where Πi =

|ψi〉 〈ψi| and |ψi〉 are given by (69). Note that the matrix elements of Πi have
central symmetry, i.e.,

∀s, t ∈ {0, 1}2 : 〈s|Πi |t〉 = 〈s|Πi

∣∣t〉 , (71)

where s denotes the bitwise negation of the binary string s. For example,

Π4 =


|δ|2 −γδ∗ γδ∗ − |δ|2

−γ∗δ |γ|2 − |γ|2 γ∗δ

γ∗δ − |γ|2 |γ|2 −γ∗δ
− |δ|2 γδ∗ −γδ∗ |δ|2

 (72)

and 〈01|Π4 |00〉 = 〈10|Π4 |11〉 = −γ∗δ. Since H is a linear combination of Πi,
the matrix elements of H also have central symmetry. An equivalent way of
saying that H has two 4× 4 blocks in basis (70) is:

∀s, t ∈ {0, 1}2 :
(
〈s|+ 〈s|

)
H
(
|t〉 −

∣∣t〉) = 0. (73)

If we expand this, we get

〈s|H |t〉 − 〈s|H
∣∣t〉+ 〈s|H |t〉 − 〈s|H

∣∣t〉 . (74)

Since H has central symmetry, it satisfies (71), thus the above expression is
clearly zero.

Claim. If a 2-qubit Hamiltonian H has eigenvectors of the form (69), then
H ⊗ I is not universal for 3 qubits.

Proof. It is sufficient to show that all 3-qubit permutation matrices also have
two 4× 4 blocks in basis (70). Let P be a 3× 3 permutation matrix. Note that
the corresponding 8× 8 qubit permutation matrix in basis (70) has form

1 0 0 0
0 P 0 0
0 0 1 0
0 0 0 P

 . (75)

This matrix consists of two 4× 4 blocks
(

1 0
0 P

)
. Hence our Hamiltonian cannot

be universal, since its Lie algebra has block structure in basis (70). The maximal
possible dimension of this Lie algebra is 31 (including the global phase).

Lemma 6. The following are equivalent:

(1) H has eigenvectors of the form (69),

(2) H has central symmetry,
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(3) H commutes with XX,

(4) H is a real linear combination of

II
XX
Y Y
Z Z

X I
I X

Y Z
ZY

(76)

(5) H is of the form 
a e+ if g + ih c

e− if b d g − ih
g − ih d b e− if
c g + ih e+ if a

 . (77)

Claim. The set of all 2-qubit Hamiltonians with central symmetry is not closed
under conjugation by U ⊗ U , where U ∈ U(2).

Proof. Consider |ψ〉 := |+〉 |+〉 = 1
2 (|00〉+ |01〉+ |10〉+ |11〉). Clearly

|ψ〉 〈ψ| = 1
4


1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1

 (78)

has central symmetry. Let |ψ′〉 := (H ⊗H) |ψ〉 = |00〉, where H = 1√
2

(
1 1
1 −1

)
is

the Hadamard matrix. Note that

|ψ′〉 〈ψ′| =


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 (79)

does not have central symmetry.

Claim. Let H be a 2-qubit Hamiltonian. The following are equivalent:

• (U ⊗ U)H(U ⊗ U)† has central symmetry for some U ∈ U(2),

• [H, (UXU†)⊗ (UXU†)] = 0 for some U ∈ U(2),

• [H,U ⊗ U ] = 0 for some U ∈ U(2), U 6= I (without loss of generality we
can assume that U has eigenvalues {1,−1}).
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4.1.2 Block structure
[NEW]

Consider the following two blocks:
a|000〉+b|111〉,
c|100〉+d|011〉,
c|010〉+d|101〉,
c|001〉+d|110〉,


−b∗ |000〉+a∗|111〉,
−d∗|100〉+c∗|011〉,
−d∗|010〉+c∗|101〉,
−d∗|001〉+c∗|110〉.

(80)

For any choice of a, b, c, d ∈ C such that |a|2 + |b|2 = |c|2 + |d|2 = 1, they form
an orthonormal basis of C8. This basis is a generalization of (70), since all qubit
permutations in this basis have block structure given in (75).

4.1.3 Conjugation by U ⊗ U

All conditions are relatively easily checkable, except the last one, because we
have the freedom to conjugate by U ⊗ U for some U ∈ U(2). Note that the
Hamiltonian corresponding to an orthogonal matrix has only pure imaginary
entries. Thus in the Pauli expansion it has only terms with exactly one Y
factor. If we allow also any global phase, then we can have also the term I ⊗ I.
General such Hamiltonian is shown in Table 1.

I X Y Z
I F F
X F
Y F F F
Z F

Table 1: Hamiltonian corresponding to an orthogonal matrix.

Observe that there are several linear subspaces that are invariant under
conjugation by U ⊗ U :

global phase:
{
II 1st qubit:


XI

Y I

ZI

2nd qubit:


IX

IY

IZ

(81)

symmetric:



XX

Y Y

ZZ

XY + Y X

Y Z + ZY

ZX +XZ

anti-symmetric:


XY − Y X
Y Z − ZY
ZX −XZ

(82)

Also note that [to do. . . ]
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I X Y Z
I
X
Y
Z

Table 2:

Dimension Permutations Hamiltonian
1 P1 H1

2 P1 ⊕ P1 H1 ⊕H1

P2 H2

3 P1 ⊕ P1 ⊕ P1 H1 ⊕H1 ⊕H1

P1 ⊕ P2 H1 ⊕H2

4
P1 ⊕ P1 ⊕ P1 ⊕ P1 H1 ⊕H1 ⊕H1 ⊕H1

P1 ⊕ P1 ⊕ P2 H1 ⊕H1 ⊕H2

P2 ⊕ P2 H2 ⊕H2

Table 3: Different types of invariant subspaces for 3-qubit permutations and
Hamiltonians of the form H ⊗ I, where H acts on 2 qubits.

4.2 Invariant subspaces for 3 qubits
[NEW]

Consider the Schur basis for 3 qubits:

|u1〉 = |100〉 − |010〉 , (83)
|u2〉 = |100〉+ |010〉 − 2 |001〉 , (84)

|v1〉 = |011〉 − |101〉 , (85)
|v2〉 = |011〉+ |101〉 − 2 |110〉 , (86)

|s0〉 = |000〉 , (87)
|s1〉 = |100〉+ |010〉+ |001〉 , (88)
|s2〉 = |011〉+ |101〉+ |110〉 , (89)
|s3〉 = |111〉 . (90)

Note that

spanC {|u1〉 , |u2〉} = spanC {|100〉 − |010〉 , |010〉 − |001〉 , |001〉 − |100〉} , (91)
spanC {|v1〉 , |v2〉} = spanC {|011〉 − |101〉 , |101〉 − |110〉 , |110〉 − |011〉} . (92)

So the subspaces spanC {|u1〉 , |u2〉} and spanC {|v1〉 , |v2〉} are invariant under
3-qubit permutations. In fact, note that all 3-qubit permutations in the (nor-
malized) Schur basis are of the form (I2 ⊗ U) ⊕ I4 for some unitary U ∈ U(2).
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In particular:

(12)(3) =
(
−1 0
0 1

)
, (123) =

1
2

(
−1 −

√
3√

3 −1

)
. (93)

Since the transposition (12)(3) and rotation (123) generate S3, one can use (93)
to compute the corresponding matrices for all permutations.

Claim. If ∀i ∈ {1, 2, 3, 4} : 〈si|ψ〉 = 0, then |ψ〉 = ac |u1〉 . . . [to do. . . ]

Definition. Let dimS3 |ψ〉 := rankC {P |ψ〉 : P ∈ S3} be the dimension of the
smallest subspace that contains the orbit of |ψ〉 under the action of 3-qubit
permutations S3.

4.2.1 Dimension 1

Lemma 7. Let |ψ〉 ∈ C8. The following are equivalent:

• dimS3 |ψ〉 = 1,

• |ψ〉 is fixed by all 3-qubit permutations, i.e., ∀P ∈ S3 : P |ψ〉 = |ψ〉,

• |ψ〉 = (x, y, y, z, y, z, z, t)T for some x, y, z, t ∈ C,

• |ψ〉 ∈ spanC {|s0〉 , |s1〉 , |s2〉 , |s3〉},

• |ψ〉 ∈ spanC {|000〉 , |111〉 , |+ + +〉 , |− − −〉},

• |ψ〉 ∈ spanC
{
|ϕ〉 |ϕ〉 |ϕ〉 : |ϕ〉 ∈ C2

}
.

Lemma 8. If the eigenvalues of a 2-qubit Hamiltonian H are not degenerate
and |ψ〉 ∈ C8 is an eigenvector of H ⊗ I, then |ψ〉 = |ψ′〉 |ϕ〉 for some |ψ′〉 ∈ C4

and |ϕ〉 ∈ C2.

Theorem 12. Let H be a 2-qubit Hamiltonian with non-degenerate eigenvalues
and |ψ〉 ∈ C8 be an eigenvector of H ⊗ I. Then dimS3 |ψ〉 = 1 if and only if
|ψ〉 = |ϕ〉 |ϕ〉 |ϕ〉 for some |ϕ〉 ∈ C2.

4.2.2 Dimension 2

Claim. Let |ψ〉 = |a〉 + |s〉, where |s〉 ∈ spanC {|s0〉 , |s1〉 , |s2〉 , |s3〉} and |a〉 is
orthogonal to |s〉, and both |a〉 and |s〉 are non-zero. Then dimS3 |ψ〉 ≥ 3.

Proof. We know that dimS3 |s〉 = 1. Since |a〉 is orthogonal to |s〉, we have
dimS3 |a〉 ≥ 2. Thus we can choose two linearly independent non-zero vec-
tors |a1〉 , |a2〉 ∈ spanC {P |a〉 : P ∈ S3}. Moreover, we can choose them so that
〈a1|a2〉 = −〈s|s〉. Note that both |a1〉 + |s〉 and |a2〉 + |s〉 are non-zero and in
spanC {P |ψ〉 : P ∈ S3}. Moreover, since both |a1〉 and |a2〉 are orthogonal to
|s〉, we have

(
〈a1|+ 〈s|

)(
|a2〉+ |s〉

)
= 〈a1|a2〉+ 〈s|s〉 = 0. Thus dimS3 |ψ〉 ≥ 2.

To show that dimS3 |ψ〉 ≥ 3, notice that(
|a1〉+ |s〉

)
−
(
|a2〉+ |s〉

)
= |a1〉 − |a2〉 ∈ spanC {P |ψ〉 : P ∈ S3} , (94)
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since spanC {P |ψ〉 : P ∈ S3} is a linear subspace. Moreover, |a1〉 − |a2〉 is
non-zero and linearly independent from |a1〉 + |s〉 and |a2〉 + |s〉, since it has
no component along the direction of |s〉 (recall that |s〉 is non-zero).

4.3 Possible generalizations of T -similarity

At first we thought that the notion of T -similarity cannot be generalized for 3
qubits because of the following lemma.

Lemma 9. Let Pi ∈ U(8) be the permutation matrices that permute the three
qubits they act on. Then the only U ∈ U(4) such that [U ⊗ I, Pi] = 0 for all Pi
is U = eiϕI, where ϕ ∈ R.

Proof. By inspection of the Hamiltonian corresponding to U .

However, we can define it differently (take some V ∈ U(2) instead of I).

Lemma 10. Let U ∈ U(4). Then H and UHU† have the same universality
property if there exists V ∈ U(2) such that [U ⊗ V, Pi] = 0 for all Pi.

Such matrices U can be characterized as follows.

Lemma 11. Let V ∈ U(2) be such that [U ⊗ V, Pi] = 0 for all Pi. Then
U = V ⊗ V ⊗ V .

Proof. By inspection of the Hamiltonian corresponding to U .

This gives us some classes of equivalent Hamiltonians. We have to see if we
can generalize the T -similarity even more. For example.

Lemma 12. Let U ∈ U(8), [U,Pi] = 0 for all Pi and U(H ⊗ I)U† = H ′ ⊗ I for
some Hamiltonian H ′. Then H and H ′ have the same universality property.

We have to examine if V ⊗ V ⊗ V are the only unitaries U that can be used
here.

4.4 Unitary transformations that preserve universality

In this section Sn will denote the set of all n-qubit permutation matrices.

4.4.1 Centralizer of Sn
Lemma 13. If U is a unitary such that ∀P ∈ Sn : UP = PU , then the
Hamiltonians H and UHU† are either both universal or non-universal. The set
of all unitaries having this property is called the centralizer of Sn and is denoted
by Z(Sn).
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In 3-qubit case Z(Sn) is a 20-parameter subgroup of U(8) isomorphic to
U(4)⊕ (I ⊗U(2)). One way to show this is to consider the Hamiltonians corre-
sponding to unitaries in the centralizer. The corresponding condition for Hamil-
tonians reads: ∀P ∈ Sn : H = PHP † (it is enough to check this only for the
generators of Sn). If we consider a basis of 64 linearly independent (over R)
Hermitian matrices (that span all 3-qubit Hamiltonians), this condition is just
a system of two linear equations. The solution of this system corresponds to a
subspace of all Hermitian matrices. One can find a basis of this subspace such
that all Hamiltonians in this subspace are in a block-diagonal form H4⊕H2⊕H2

corresponding to U(4)⊕ (I ⊗U(2)).
Another way to show this is to consider the invariant subspaces of qubit

permutation matrices [1]. Each of the following vectors3 is invariant under all
permutations of qubits:

|s1〉 = |000〉 , (95)
|s2〉 = |100〉+ |010〉+ |001〉 , (96)
|s3〉 = |011〉+ |101〉+ |110〉 , (97)
|s4〉 = |111〉 . (98)

Qubit permutations act trivially on the subspace S = span {|s1〉 , . . . , |s4〉}. No-
tice that this is the largest such subspace, i.e., if all qubit permutations act
trivially on some |ψ〉 then |ψ〉 ∈ S (to see this, express |ψ〉 in standard basis
and consider the terms with equal Hamming weights; by exchanging adjacent
qubits it can be shown that terms with the same Hamming weight must have
equal coefficients). Hence if we want U ∈ U(8) to commute with all permutation
matrices, it can act arbitrarily in the subspace S but must leave it invariant.

Now let us restrict our attention to the orthogonal complement T = S⊥.
Consider a 2-dimensional subspace of T spanned by the following vectors:

|t1〉 = |100〉 − |010〉 , (99)
|t2〉 = |011〉 − |101〉 . (100)

These vectors are mutually orthogonal and also orthogonal to S. Assume that
T1 = span {|t1〉 , |t2〉} is an invariant subspace for our unitary U ∈ U(8). Let
Ũ ∈ U(2) be its restriction to the subspace T1. Let T2 = T ⊥1 be the orthogonal
complement of T1 in T . Then it turns out that U must act in the same way (as
Ũ) on T2.

Since U must commute with all qubit permutation matrices, it must act as
Ũ in the following subspaces (obtained from {|t1〉 , |t2〉} by a cyclic permutation
of qubits):

|t′1〉 = |010〉 − |001〉 , |t′′1〉 = |001〉 − |100〉 ,
|t′2〉 = |101〉 − |110〉 , |t′′2〉 = |110〉 − |011〉 .

3For convenience we will use non-normalized vectors in this section.
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By linearity U must act as Ũ also in:∣∣t⊥1 〉 = |t′1〉 − |t′′1〉 = |100〉+ |010〉 − 2 |001〉 , (101)∣∣t⊥2 〉 = |t′2〉 − |t′′2〉 = |011〉+ |101〉 − 2 |110〉 . (102)

Hence U acts as Ũ also in T2, since T2 = span
{∣∣t⊥1 〉 , ∣∣t⊥2 〉}.

It remains to be shown that U can act arbitrarily in T1 (i.e., we can take
any Ũ ∈ U(2)). To show this, we must verify that U preserve inner products. [to do. . . ]

4.4.2 Normalizer of Sn
Lemma 14. If U is a unitary such that ∀P ∈ Sn,∃Q ∈ Sn : UP = QU , then
the Hamiltonians H and UHU† are either both universal or non-universal.

The set of all such unitaries is called the normalizer of Sn and is denoted by
N(Sn). For three qubits it can be shown that N(S3) consists of exactly those
unitaries U that are of the form U = PC, where P ∈ S3 and C ∈ Z(S3).

4.4.3 “Monsterizer” of Sn
Lemma 15. If U and V are unitaries such that ∀P ∈ Sn,∃Q ∈ Sn : UP = QV ,
then the Hamiltonians H and UHU† are either both universal or non-universal.

4.5 Pauli basis
[NEW]

Every Hamiltonian on n qubits (i.e., 2n×2n Hermitian matrix) can be expressed
as a real linear combination of tensor products of Pauli matrices I, X, Y ,
Z defined in euqation (39), i.e., they form a basis of all 2n × 2n Hermitian
matrices. The good thing about Pauli matrices is that they provide a basis that
is compatible with the tensor product, i.e., the Pauli basis of a composite system
is obtained by taking the tensor product of the elements of the Pauli bases of the
subsystems. The number of non-identity Pauli matrices in the tensor product
we call the weight.

4.5.1 From 2 to 3 qubits
[NEW]

For convenience in this section we will omit the tensor product sign (XX stands
for X ⊗X).

Lemma 16. One can attain any evolution on n qubits given the ability to
evolve according to X, Y , and XX on any of the qubits.4

Proof. It is enough to show that the evolution according to any tensor product of
Pauli matrices can be attained, because any Hermitian matrix can be expressed
as a real linear combination of them. We also know that given H1 and H2 we

4The choice of these particular Hamiltonians is arbitrary – we just need two Pauli matrices
of weight 1 and one Pauli matrix of weight 2.
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can evolve according to i[H1, H2] (the commutators of Pauli matrices are listed
in Table 4). Thus we can attain arbitrary evolution on any single qubit, since
we are given X and Y , and we can obtain Z = 1

2 i[Y,X]. Similarly, we can
attain any 2-qubit evolution using XX and the single qubit Hamiltonians, e.g.,
XY = 1

2 i[XX, IZ], ZY = 1
2 i[Y I,XY ], etc.

I X Y Z
I 0 0 0 0
X 0 0 −2Z 2Y
Y 0 2Z 0 −2X
Z 0 −2Y 2X 0

Table 4: Commutators i[R,C] = i(RC −CR) of Pauli matrices. R is a label of
a row and C is a label of a column.

To show that any evolution on n qubits can be attained, it is sufficient to
show that any tensor product of Pauli matrices can be expressed as nested
commutators of Pauli matrices that act non-trivially on at most two qubits.
We will show this by decomposing a tensor product of Pauli matrices into a
sequence of Pauli matrices of weight 2 so that each pair of adjacent sequences
anti-commute.

Let us illustrate this with an example – consider a specific tensor product of
Pauli matrices, e.g., XZYXXIZIY ZX (see Table 5). We can break this string
down into overlapping sequences of length two: XZ, ZY , Y X, XX, . . . . Then
for each adjacent pair of sequences we modify the overlapping Pauli matrix in
different ways. For example, if we take the first two sequences (XZ and ZY ),
the overlapping matrix is Z. We can change it to X in the first sequence and
to Y in the second sequence (or vice versa), and obtain either XX and Y Y , or
XY and XY . In both cases we get the same commutator (up to a constant),
when these matrices act on appropriate qubits:

− 1
2
i[XXI, IY Y ] =

1
2
i[XY I, IXY ] = XZY. (103)

Note that this value coincides with the beginning of the string corresponding
to the Hamiltonian we want to simulate. If we repeat this process and modify
each pair of adjacent overlapping sequences according to the rule specified above,
the nested commutator of them will be equal (up to a constant factor) to our
Hamiltonian. This is illustrated in Table 5.

Theorem 13. If a 2-qubit Hamiltonian H is universal for 2 qubits, then it is
universal for n qubits.

It is well known that an analogous statement is true for unitary matrices
– it follows from the fact that any unitary on n qubits can be decomposed
into gates that act non-trivially only on one or two qubits without the need of
ancilla [2, 3]. This implies that it is true also for Hamiltonians. However, it
immediately follows from our Lemma 16.
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X Z Y X X I Z I Y Z X
X Y

X X
Z Z

Y Z
Y Y

X X
Z Y

X X

Table 5: An example of expressing a tensor product of Pauli matrices as a nested
commutator of Pauli matrices that act non-trivially on at most two qubits.

Proof. Since H is universal for two qubits, we can simulate X and Y on any
qubit and XX on any pair of qubits. Thus according to Lemma 16 we can
simulate any Hamiltonian on n qubits.
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5 Schur basis for Hamiltonians
[NEW]

5.1 Decomposition of a 3-qubit Hamiltonian
[NEW]

Let us use the following notation:

T12 – the gate that swaps qubits 1 and 2, (104)
T23 – the gate that swaps qubits 2 and 3. (105)

Note that any permutation of three qubits can be built out of T12 and T23.
Moreover, since T 2

12 = T 2
23 = I, we can do this by alternating between T12 and

T23 as shown in Table 6. Note that T23P5 = I.

Definition Permutation Type
P0 := I 123 rotation
P1 := T12P0 213 transposition
P2 := T23P1 231 rotation
P3 := T12P2 321 transposition
P4 := T23P3 312 rotation
P5 := T12P4 132 transposition

Table 6: S3 obtained by alternating between T12 and T23.

Given a 3-qubit Hamiltonian H, let us consider sums of the following form:

Hχ :=
5∑
i=0

χ(i)PiHP
†
i , (106)

where χ : {0, . . . , 5} → R. Clearly, Hχ can be simulated by H, since it is just a
real linear combination of “H applied in different ways”. In particular, let

S :=
1
6
HχS , A :=

1
6
HχA , R :=

1
3
HχR , (107)

where χS , χA, and χR are given in Table 7.

Character 0 1 2 3 4 5
χS 1 1 1 1 1 1
χA 1 −1 1 −1 1 −1
χR 2 0 −1 0 −1 0

Table 7: Characters of irreducible representations of S3.

Note that
H = S +A+R. (108)
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Let us call the corresponding subspaces S, A, and R. The following com-
mutation relations hold:

i[S,S] ⊆ S, (109)
i[S,A] ⊆ A, (110)
i[A,A] ⊆ S, (111)
i[A,R] ⊆ R, (112)
i[S,R] ⊆ R. (113)

Moreover,

A · A ⊆ S, (114)
S · S ⊆ S. (115)

5.2 Schur basis using Pauli matrices
[NEW]

5.2.1 Different view of conjugation
[NEW]

Let us illustrate how conjugation can be viewed as a linear map in some larger
space. For this purpose let us define a mapping

vec(|b〉 〈a|) := |b〉 |a〉 (116)

that turns any matrix into a vector [4]. If A, B, and X are arbitrary square
matrices of the same size, then

vec(AXBT) = (A⊗B) vec(X). (117)

In particular, let H be any n-qubit Hamiltonian and P ∈ Sn be any n-qubit
permutation matrix. Since P = P ∗, we have

vec(PHP †) = (P ⊗ P ) vec(H), (118)

In other words, instead of conjugating H by P , we can act with P ⊗ P on
vectorized from of H. Note that

{P ⊗ P | P ∈ Sn} (119)

is a representation of Sn. We would like to decompose it into irreducible repre-
sentations (or decompose the action of P ⊗ P into invariant subspaces).

5.2.2 Pauli vector
[NEW]

For the purpose of decomposing the representation (119) into irreducible ones,
let us use another way how to turn a matrix into a vector. Note that n-qubit
Hamiltonians form a real linear space of dimension 2n. A convenient choice of
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basis for this space is the set of all n-fold tensor products of Pauli matrices.
Thus we can write any n-qubit Hamiltonian in the form

H =
∑

σ1,σ2,...,σn∈{I,X,Y,Z}

ασ1,σ2,...,σnσ1 ⊗ σ2 ⊗ . . .⊗ σn. (120)

Hence, the set of all n-qubit Hamiltonians is isomorphic to

spanR {|σ1σ2 · · ·σn〉 | σi ∈ {I,X, Y, Z}} , (121)

where strings of Pauli matrices are used to label the basis states. To find the
component ασ1,σ2,...,σn of H along |σ1σ2 · · ·σn〉, we compute

ασ1,σ2,...,σn =
1
2n

Tr(H · σ1 ⊗ σ2 ⊗ . . .⊗ σn). (122)

Now we can restate the problem of breaking (119) into irreducible represen-
tations in other words: we would like to find the Schur basis for

(
R{I,X,Y,Z}

)⊗n.
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6 Case studies for 3 qubits
[NEW]

Next few subsequent sections contain some examples of Hamiltonians that are
not universal for 3 qubits, but are not in our list. In all cases you should think
of the Hamiltonian as a generic real linear combination of the two matrices
mentioned in the title of the corresponding section. More generally, you can
even think of the Hamiltonian as a generic real linear combination of all ba-
sis elements of the Lie algebra, not just the generators. Examples are sorted
according to the dimension of the Lie algebra.

Each section begins with a table that shows how the dimension of the Lie
algebra increases as we allow more qubits (we do not count the global phase).
Note that 4n is the dimension of the whole Lie algebra on n qubits. Then we
provide a list of matrices whose permutations form a basis of the Lie algebra
(for 3 or possibly more qubits).

Finally, if we happen to know the (block) structure of the Lie algebra on 3
qubits, we describe it at the end of the section.

6.1 Dimension 15

6.1.1 XX,Y Y

n 2 3 4 5 6
dim 2 15 60 255 1020
4n 16 64 256 1024 4096

n = 3

 XXI
Y Y I
Z ZI

XY Z (123)

n = 4

 XXII
Y Y II
Z ZII

XXY Y
XXZZ
Y Y ZZ

XY ZI (124)

n = 5

 XXIII
Y Y III
Z ZIII

XXY Y I
XXZZI
Y Y ZZI

XXXXI
Y Y Y Y I
Z Z Z ZI

XY ZXX
XY ZY Y
XY ZZ Z

XY ZII (125)

Lie algebra on 3 qubits has block structure
(
H 0
0 H

)
in basis

|000〉, |011〉, |101〉, |110〉,
|111〉, |100〉, |010〉, |001〉. (126)

This Lie algebra is a subalgebra of (141) that has 30 dimensions. We can
obtain (141) by adding a new generator Y Z.
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6.1.2 XX,Y Z + ZY

n 2 3 4 5 6
dim 2 15 60 255 ....
4n 16 64 256 1024 4096

Lie algebra consists of all permutations of

XXI, (127)
(Y Z + ZY )I, (Y Z − ZY )X, (128)
(Y Y + ZZ)I, (Y Y − ZZ)X. (129)

It has block structure
(
H 0
0 H

)
in basis

|000〉+ |111〉, |011〉+ |100〉, |101〉+ |010〉, |110〉+ |001〉,
−(|000〉 − |111〉) + (|011〉 − |100〉) + (|101〉 − |010〉) + (|110〉 − |001〉),
+(|000〉 − |111〉)− (|011〉 − |100〉) + (|101〉 − |010〉) + (|110〉 − |001〉),
+(|000〉 − |111〉) + (|011〉 − |100〉)− (|101〉 − |010〉) + (|110〉 − |001〉),
+(|000〉 − |111〉) + (|011〉 − |100〉) + (|101〉 − |010〉)− (|110〉 − |001〉).

(130)
This Lie algebra is also a subalgebra of (141) that has 30 dimensions. We

can obtain (141) by adding a new generator Y Z.

6.1.3 XI, Y Z + ZY

n 2 3 4 5 6
dim 4 15 64 255 ....
4n 16 64 256 1024 4096

Lie algebra consists of all permutations of

XII, (131)
(Y Z + ZY )I, (Y Z − ZY )X, (132)
(Y Y + ZZ)X, (Y Y − ZZ)I. (133)

Lie algebra on 3 qubits has block structure
(
H 0
0 −HT

)
in basis (130), where

H is Hermitian.
This Lie algebra is also a subalgebra of (141) that has 30 dimensions. We

can obtain (141) by adding a new generator Y Z.

6.2 Dimension 17

6.2.1 XX,Y Z − ZY

n 2 3 4 5 6
dim 2 17 66 247 ....
4n 16 64 256 1024 4096
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Lie algebra consists of all permutations of

XXI, (134)
(Y Z − ZY )I, (Y Z − ZY )X, (135)
(Y Y + ZZ)I, (Y Y + ZZ)X, (136)

(XI − IX)I. (137)

If we add one more generator XI, we get Lie algebra with 18 dimensions.
However, if we add Y Z instead, we get Lie algebra with 30 dimensions that is
equal to (141).

6.3 Dimension 28

6.3.1 XI,XY

n 2 3 4 5 6
dim 6 28 120 496 ....
4n 16 64 256 1024 4096

n = 3

 I I X
Y Y X
ZZX

XY I
X I Z
XY Z

XXX (138)

Lie algebra on 3 qubits has block structure
(
iA B
BT iA′

)
in basis (126), where A,

B, A′ are real, A and A′ are antisymmetric (A and A′ determine each other).
It turns out that this Lie algebra is in our list. Consider the basis of the Lie

algebra generated by XI and XY on two qubits:

XI, IX, XY, Y X, XZ, ZX. (139)

If we rotate both qubits by π/2 around z axis, we get

Y I, IY, Y X, XY, Y Z, ZY. (140)

This is the Lie algebra of the orthogonal group.
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6.4 Dimension 30

6.4.1 XI, Y Z

n 2 3 4 5 6
dim 6 30 126 510 ....
4n 16 64 256 1024 4096

n = 3

 XXI
Y Y I
Z ZI

XY Z
I I X
Y Y X
ZZX

IY Z (141)

Lie algebra on 3 qubits has block structure
(
H1 0
0 H2

)
in basis (130) for some

traceless Hamiltonians H1 and H2.

6.4.2 XI + IX, Y Z

n 2 3 4 5 6
dim 4 30 126 510 ....
4n 16 64 256 1024 4096

n = 3

 XXI
Y Y I
Z ZI

XY Z
(XI + IX)I
Y Y X
ZZX

IY Z (142)

Lie algebra on 3 qubits has block structure
(
H1 0
0 H2

)
in basis (130) for some

traceless Hamiltonians H1 and H2.
It turns out that Lie algebras (141) and (142) are the same. If we compare

the basis vectors, we see that the only difference is the following: (141) contains
all permutations of XII, but (142) contains all permutations of (XI + IX)I.
To see that they span the same subspace, observe that

(XII + IXI)− (IXI + IIX) + (IIX +XII) = 2XII. (143)

A generalization of this Lie algebra is discussed in Sect. 4.1.1.
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A Case study (C-NC-U gate)

In this section we consider a specific type of 2-qubit Hamiltonians. We give a
necessary and sufficient condition for a Hamiltonian of this type to be universal.

A.1 The Hamiltonian

Consider the following 1-qubit Hamiltonian:

H0 =
(
α θ
θ α

)
. (144)

It has eigenvalues α± θ. The corresponding unitary matrix5 is U0 = eiH0 :

U0 = eiα
(

cos θ i sin θ
i sin θ cos θ

)
. (145)

Now consider the product of controlled-U0 and NOT-controlled-U0 (with
different parameters α and θ). The corresponding Hamiltonian is:

H =


α1 θ1 0 0
θ1 α1 0 0
0 0 α2 θ2

0 0 θ2 α2

 . (146)

It has eigenvalues
ϕ1 = α1 + θ1, ϕ2 = α1 − θ1,

ϕ3 = α2 + θ2, ϕ4 = α2 − θ2,
(147)

and eigenvectors 
1
1
0
0

 ,


1
−1
0
0

 ,


0
0
1
1

 ,


0
0
1
−1

 . (148)

The corresponding unitary matrix is U = eiH , where

U =


eiα1 cos θ1 ieiα1 sin θ1 0 0
ieiα1 sin θ1 eiα1 cos θ1 0 0

0 0 eiα2 cos θ2 ieiα2 sin θ2

0 0 ieiα2 sin θ2 eiα2 cos θ2

 . (149)

A.2 The big determinant

If we apply the commutator scheme given in Table 8 to H, we obtain 16 Hamil-
tonians H1, H2, . . . ,H16. Each of them is a 4 × 4 Hermitian matrix and hence
can be specified using 16 real parameters. Thus we can identify each Hamilto-
nian Hi with a vector hi ∈ R16. Therefore the set {H1, H2, . . . ,H16} is linearly

5Sorry for not putting the minus sign, i.e., U0 = e−iH0 .
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Level Commutators
0 H1 = H

H2 = THT
1 H3 = i[H1, H2]
2 H4 = i[H1, H3]

H5 = i[H2, H3]
3 H6 = i[H1, H4]

H7 = i[H1, H5]
4 H8 = i[H1, H6]

H9 = i[H1, H7]
H10 = i[H2, H6]

5 H11 = i[H1, H8]
H12 = i[H1, H9]

6 H13 = i[H1, H11]
H14 = i[H1, H12]

7 H15 = i[H1, H13]
8 H16 = i[H1, H15]

Table 8: Commutator scheme for Hamiltonian (146).

independent over R if and only if the set {h1, h2, . . . , h16} is linearly independent
over R.

We can create a 16× 16 matrix M using vectors hi as columns. The deter-
minant of M is:

144506880(α1 + α2)θ8
1(α1 + θ1 − α2 − θ2)8(α1 + θ1 − α2 + θ2)8

(α1 − θ1 − α2 − θ2)8(α1 − θ1 − α2 + θ2)8θ8
2(α1 − α2)9(θ1 + θ2)9(θ1 − θ2)9

(150)

If we ignore the constant factor and rewrite (150) in terms of the eigenvalues
(147) of H, we get:

(ϕ1+ϕ2+ϕ3+ϕ4)(ϕ1−ϕ2)8(ϕ1−ϕ3)8(ϕ1−ϕ4)8(ϕ2−ϕ3)8(ϕ2−ϕ4)8(ϕ3−ϕ4)8

(ϕ1 + ϕ2 − ϕ3 − ϕ4)9(ϕ1 − ϕ2 + ϕ3 − ϕ4)9(ϕ1 − ϕ2 − ϕ3 + ϕ4)9 (151)

A.3 Universality conditions

If we want all Hi to be linearly independent, the value of (151) should not be
zero. Thus the following three types of conditions must be satisfied:

(C1) ϕ1 + ϕ2 + ϕ3 + ϕ4 6= 0.

(C2) ϕ1 6= ϕ2, ϕ1 6= ϕ3, ϕ1 6= ϕ4, ϕ2 6= ϕ3, ϕ2 6= ϕ4, ϕ3 6= ϕ4.

(C3) ϕ1 + ϕ2 6= ϕ3 + ϕ4, ϕ1 + ϕ3 6= ϕ2 + ϕ4, ϕ1 + ϕ4 6= ϕ2 + ϕ3.
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More concisely:

(C1) TrH 6= 0.

(C2) H has distinct eigenvalues.

(C3) The eigenvalues of H are not paired.

If the above three conditions hold, then H is universal, since the determinant
(151) is not zero. Thus this set of conditions is sufficient for universality of H.

A.4 Necessity of conditions

In this section we will show that H is not universal if it violates any of the
above three conditions. In other words, the above conditions are necessary for
universality of H.

A.4.1 Zero trace

Cannot get global phase. Necessary for any Hamiltonian.

A.4.2 Degenerate eigenvalues

This condition is also necessary for any Hamiltonian.

Lemma 17. If H has a degenerate eigenvalue, then H is not universal.

Proof. Let E+ be the 3-dimensional (+1)-eigenspace of T and {|t1〉 , |t2〉 , |t3〉}
be its basis. To show that H is not universal, it suffices to prove that it has an
eigenvector lying in E+. Since H has a degenerate eigenvalue, we can find two
orthogonal vectors |b1〉 and |b2〉 with the same eigenvalue. If |b1〉 /∈ E+, then
{|t1〉 , |t2〉 , |t3〉 , |b1〉} is a basis of C4 and we can write:

|b2〉 = γ1 |t1〉+ γ2 |t2〉+ γ3 |t3〉+ γ4 |b1〉 .

Since 〈b1|b2〉 = 0, γ4 = 0 and |b2〉 ∈ E+.

A.4.3 Paired eigenvalues

Since all eigenvectors (148) of H have overlap 1
2 with the singlet state |s〉, and

the eigenvalues are paired, according to Theorem 2 the unitary corresponding
to H is T -similar to a tensor product. Hence H is not universal.

There are three possible pairings. We will consider these three cases in [old version]
the increasing order of difficulty and prove that in each case the corresponding
unitary matrix is not universal.

(C3.1) Pairing ϕ1 + ϕ4 = ϕ2 + ϕ3 or θ1 = θ2. Let us denote θ = θ1 = θ2. The [old version]
unitary matrix (149) corresponding to this Hamiltonian is(

eiα1 0
0 eiα2

)
⊗
(

cos θ i sin θ
i sin θ cos θ

)
. (152)

It is clearly not universal, since it is a tensor product.
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(C3.2) Pairing ϕ1 +ϕ2 = ϕ3 +ϕ4 or α1 = α2. Let us denote α = α1 = α2. The [old version]
unitary matrix (149) becomes

eiα


cos θ1 i sin θ1 0 0
i sin θ1 cos θ1 0 0

0 0 cos θ2 i sin θ2

0 0 i sin θ2 cos θ2

 . (153)

This matrix is not T -similar to (152), since in general (153) and (152)
have different eigenvalues. However, (153) is T -similar to some other
tensor product. This can be shown by conjugating it with

P =
1
2


1 1 1 −1
1 1 −1 1
1 −1 1 1
1 −1 −1 −1

 . (154)

Then we obtain

eiα

(
ei
θ1+θ2

2 0
0 ei

θ1+θ2
2

)
⊗
(

cos θ1−θ22 i sin θ1−θ2
2

i sin θ1−θ2
2 cos θ1−θ22

)
. (155)

If we ignore the global phase, the matrix (153) is of the following form: [obsolete]
r1 0 0 r2

0 r3 r4 0
0 r5 r6 0
r7 0 0 r8

+ i


0 c1 c2 0
c3 0 0 c4
c5 0 0 c6
0 c7 c8 0

 (156)

for some real constants ri and cj . Notice that this form is preserved
when a matrix is conjugated by T . Moreover, the product of two such
matrices is also of the same form. This is because (156) has two types
of rows and columns. If we multiply a row and a column of the same
type then the obtained matrix entry is a real number, otherwise it is
a purely imaginary number. One can check that the real and purely
imaginary entries will be at the same places. Thus the matrices that we
can generate will also be of the same form. Hence H is not universal.

(C3.3) Pairing ϕ1 + ϕ3 = ϕ2 + ϕ4 or θ1 = −θ2. Denote θ = θ1 = −θ2. Now [old version]
(149) becomes

eiα1 cos θ ieiα1 sin θ 0 0
ieiα1 sin θ eiα1 cos θ 0 0

0 0 eiα2 cos θ −ieiα2 sin θ
0 0 −ieiα2 sin θ eiα2 cos θ

 . (157)
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This matrix is not universal, since it is T -similar to (152). One can
obtain (152) by conjugating (157) with

P =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

 . (158)

Observe that if we take the absolute value of all entries, the obtained [obsolete]
matrix can be expressed in the following form:

a

(
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

)
+ b

(
0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

)
+ c

(
0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

)
+ d

(
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

)
(159)

for some non-negative real values of a, b, c, and d (in the case of matrix
(157) we have a = |cos θ|, c = |sin θ|, and b = d = 0). Note that this form
is preserved under conjugation by T . Let us call this property absolute
value property. In fact, the matrix (157) has another property. Choose
one of the four blocks in (159). The four entries of (157) corresponding
to ones in this block are related in the following way: the product of
diametrically opposite (with respect to the center of the matrix) entries
multiply to the same number. For example, for the first block it reads:
u11u44 = u22u33. For the last block it reads: u13u42 = u31u24. This
property is also preserved under conjugation of T . Let us call it four
pairings property. For some reason both (this and the previous property)
is preserved under matrix multiplication. Therefore H is not universal.

B U-similarity

In this appendix we will generalize the notions of pattern and T -similarity.
To measure how close two vectors (or 1-dimensional subspaces) |v〉 and |w〉

are, we can use the following quantity:

d(v, w) = |〈v|w〉|2 = Tr(|v〉 〈v| |w〉 〈w|). (160)

Similarly we can measure the distance between two bases V = {|v1〉 , . . . , |vm〉}
and W = {|w1〉 , . . . , |wn〉} with dimensions m and n respectively as follows:

d(V,W) =
m∑
i=1

n∑
j=1

d(vi, wj) =
m∑
i=1

n∑
j=1

|〈vi|wj〉|2 = Tr(ΠVΠW), (161)

where ΠV =
∑m
i=1 |vi〉 〈vi| and ΠW =

∑n
j=1 |wj〉 〈wj | are projectors to the

subspaces V and W respectively.

Theorem 14 (U -similarity conditions). Let U, V,W ∈ U(d). Let {λ1, . . . , λL},
{µ1, . . . , µM}, and {ν1, . . . , νN} be distinct eigenvalues of U , V , and W re-
spectively and let

{
ΠU1 , . . . ,Π

U
L

}
,
{

ΠV1 , . . . ,Π
V
M

}
, and

{
ΠW1 , . . . ,ΠWN

}
be the
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projectors to the corresponding eigenspaces whose dimensions are dimUi = li,
dimVi = mi, and dimWi = ni. V and W are U -similar if and only if M = N
and both conditions hold

µj = νj and mj = nj (162)

Tr(ΠUi ΠVj ) = Tr(ΠUi ΠWj ), (163)

where i ∈ {1, . . . , L} and j ∈ {1, . . . , N}.

Proof. Let us prove that these conditions are necessary. Let W = PV P † for
some P ∈ U(d) such that [P,U ] = 0. Clearly V andW have the same eigenvalues
with the same multiplicities, hence the first condition is necessary. Note that
ΠWj = PΠVj P

† and [ΠUi , P ] = 0, thus

Tr(ΠUi ΠWj ) = Tr(ΠUi PΠVj P
†) = Tr(PΠUi ΠVj P

†) = Tr(ΠUi ΠVj ), (164)

where the cyclical property of trace was used. [Other
direction?]

C Some simple lemmas

Lemma 18. Let U and V be similar matrices and P be a unitary such that
V = PUP †. Let Q be a unitary. Then V = QUQ† if and only if Q = PC for
some unitary C that commutes with U .

Proof. First, let us verify that we can take any Q of the specified form. If
Q = PC and [C,U ] = 0, then QUQ† = PCUC†P † = PUCC†P † = PUP † = V .

Assume V = QUQ†. Then QUQ† = PUP † and (P †Q)U = U(P †Q). There-
fore, [U,P †Q] = 0. If we let C = P †Q, then we have PC = P (P †Q) = Q.

Lemma 19. Let Sn ⊂ S2n be the set of all qubit permutation matrices. Assume
Sn is genrated by k independent generators P1, . . . , Pk, i.e., Sn = 〈P1, . . . , Pk〉.
Then the following statements are equivalent:

1. [A,Pi] = 0 for all i,

2. [A,P ] = 0 for all P ∈ Sn,

3. [A,P †] = 0 for all P ∈ Sn,

4. [A†, P ] = 0 for all P ∈ Sn,

5. [A†, P †] = 0 for all P ∈ Sn.

Proof. Clearly 1, 2, and 5 are equivalent. Clearly 3 and 4 are equivalent. Since{
P †|P ∈ Sn

}
= Sn, 2 and 3 are also equivalent.

D Lie groups and Lie algebras

D.1 O(2)

[This is based on “Finite Reflection Groups” by L.C.Grove and C.T.Benson.]
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D.1.1 Rotation

A counter-clockwise rotation R(α) ∈ O(2) by angle α is given by:

R(α) :=
(

cosα − sinα
sinα cosα

)
. (165)

We have: (
cosα − sinα
sinα cosα

)(
1
i

)
=
(

cosα− i sinα
sinα+ i cosα

)
= e−iα

(
1
i

)
(166)

and (
cosα − sinα
sinα cosα

)(
1
−i

)
=
(

cosα+ i sinα
sinα− i cosα

)
= eiα

(
1
−i

)
. (167)

Thus

R(α) = U · exp
[
−i
(
α 0
0 −α

)]
· U†, (168)

where

U :=
1√
2

(
1 1
i −i

)
. (169)

One possible choice of a Hamiltonian HR(α) corresponding to R(α) is

HR(α) := U ·
(
α 0
0 −α

)
· U† = α

(
0 −i
i 0

)
. (170)

So we have
R(α) = exp [−iHR(α)] . (171)

D.1.2 Reflection

A reflection S(α) ∈ O(2) is given by:

S(α) :=
(

cosα sinα
sinα − cosα

)
. (172)

We have: (
cosα sinα
sinα − cosα

)(
cos α2
sin α

2

)
=
(

cosα cos α2 + sinα sin α
2

sinα cos α2 − cosα sin α
2

)
(173)

=
(

cos(α− α
2 )

sin(α− α
2 )

)
=
(

cos α2
sin α

2

)
(174)

and (
cosα sinα
sinα − cosα

)(
− sin α

2
cos α2

)
=
(
− cosα sin α

2 + sinα cos α2
− sinα sin α

2 − cosα cos α2

)
(175)

=
(

sin(α− α
2 )

− cos(α− α
2 )

)
= −

(
− sin α

2
cos α2

)
. (176)
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Thus

S(α) = V (α) ·
(

1 0
0 −1

)
· V (α)†, (177)

where

V (α) :=
(

cos α2 sin α
2

sin α
2 − cos α2

)
. (178)

One possible choice of a Hamiltonian HS(α) corresponding to S(α) is

HS(α) := V (α) ·
(

0 0
0 −π

)
· V (α)† =

π

2

(
cosα− 1 sinα

sinα − cosα− 1

)
. (179)

So we have
S(α) = exp [−iHS(α)] . (180)

Note that equation (179) can be rewritten as follows:

HS(α) =
π

2
(
S(α)− I

)
, (181)

where S(α)2 = I. Hence(
1
2
(
S(α)− I

))2

=
1
4
(
S(α)2 − 2S(α)I + I2

)
= −1

2
(
S(α)− I

)
. (182)

D.2 O(n)

[Rossmann W., Lie Groups - An Introduction Through Linear Groups (Oxford,
2002)]

Lemma 20 (Eigenvalues for O(n)). The only possible eigenvalues of O ∈ O(n)
are: +1, −1, and

{
eiϕ, e−iϕ

}
where 0 < ϕ < π. Moreover, if O ∈ SO(n), then

the number of eigenvalues −1 is even.

Proof. Since O ∈ U(n), all eigenvalues have absolute value 1. The characteristic
polynomial of O has real coefficients, thus for each root eiϕ there must also be
a complex conjugate root e−iϕ. Finally, detO is the product of all eigenvalues
and is equal to 1 only when the multiplicity of the eigenvalue −1 is even.

Lemma 21 (Eigenvectors for O(n)). For every O ∈ O(n) one can find an or-
thonormal basis of eigenvectors such that: (a) real eigenvalues have real eigen-
vectors and (b) complex conjugate pairs of eigenvalues have complex conjugate
pairs of eigenvectors.

Proof. Let λ = ±1 be a real eigenvalue and |v〉 be the corresponding eigenvector
(O |v〉 = λ |v〉). Since O and λ are real, we have O |v〉∗ = λ |v〉∗. Let

|v1〉 := |v〉+ |v〉∗ ,

|v2〉 :=
1
i
(|v〉 − |v〉∗).

(183)
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Note that both |v1〉 and |v2〉 are real and spanC
{
|v〉 , |v〉∗

}
= spanC {|v1〉 , |v2〉}.

Thus both |v1〉 and |v2〉 are real eigenvectors corresponding to eigenvalue λ. It
might happen that |v1〉 and |v2〉 are linearly dependent over R, but in any case
we get at least one real eigenvector corresponding to λ.

If λ = eiϕ /∈ R is a complex eigenvalue and |v〉 is the corresponding eigen-
vector, then by taking the complex conjugate we get O |v〉∗ = e−iϕ |v〉∗.

Theorem 15 (Block-diagonal form for O(n)). For every O ∈ O(n) there exists
Q ∈ O(n) such that QOQT is a block-diagonal matrix with the following kind
of blocks: 1, −1, and R(α) defined in equation (165) with 0 < α < π.

Proof. We proceed by induction on n. The base cases are n = 1 and n = 2.
If n = 1, we are done, since O = ±1. For n = 2 we have to consider two
subcases. If detO = 1, then O ∈

{
R(α),

(
1 0
0 1

)
,
(−1 0

0 −1

)}
(see Sect. D.1.1) and

it already has the required block structure. If detO = −1, then O = S(α)
defined in equation (172) where 0 ≤ α < 2π (see Sect. D.1.2). So we can use
Q = V (α) ∈ O(2) defined in equation (178) to diagonalize O. We obtain

(
1 0
0 −1

)
that has the required block structure.

We assume that the claim holds for all n < k for some k and want to prove
that it also holds for n = k. Let λ be any eigenvalue of O. If λ ∈ R, then
λ = ±1 and according to Lemma 21 we can find at least one real eigenvector |v〉
corresponding to λ. We let O′ be the restriction of O to the (real) orthogonal
complement of |v〉 and apply the induction on O′. If λ = eiϕ /∈ R and |v〉 is the
corresponding (complex) eigenvector, then we can define real vectors |v1〉 and
|v2〉 as in equation (183) in Lemma 21. They are not eigenvectors of O anymore.
However, the two-dimensional subspace V = spanR {|v1〉 , |v2〉} is invariant un-
der O. Moreover, the restriction of O to V has eigenvalues

{
eiϕ, e−iϕ

}
, thus

it is a rotation R(ϕ) by angle ϕ (see Sect. D.1.1). To conclude the proof, we
consider the restriction O′ of O to the (real) orthogonal complement of V and
apply the induction on O′.
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